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Abstract: Timed Event Graphs (TEGs) are a graphical model for decision free and time-invariant
Discrete Event Systems (DESs). To express systems with time-variant behaviors, a new form of
synchronization, called partial synchronization (PS), has been introduced for TEGs. Unlike exact
synchronization, where two transitions ¢1, t5 can only fire if both transitions are simultaneously enabled,
PS of transition ¢; by transition o means that ¢; can fire only when transition ¢, fires, but ¢; does not
influence the firing of ¢5. Under some assumptions, we can show that the dynamic behavior of a TEG
under PS can be decomposed into a time-variant and a time-invariant part. The time-invariant part can
be interpreted as a standard TEG. Moreover, it is shown that the tools introduced for standard TEGs can

be used to analyze the overall system.

Keywords: Timed Event Graphs, Discrete Event Systems, synchronization, max-plus algebra.

1. INTRODUCTION AND MOTIVATION

TEGs are a subclass of timed Petri nets where each place has
exactly one input and one output transition and all arcs have
weight 1. If an earliest functioning rule is adopted, the behavior
of a TEG can be modeled by linear equations in a specific al-
gebraic structure called dioids. Based on such dioids, a general
theory has been developed for performance evaluation and con-
trol of TEGs, e.g.Baccelli et al.[(1992)); Heidergott et al.|(2005).
Timed Event Graphs under Partial Synchronization (TEGsPS)
are an extension of TEGs introduced in [David-Henriet et al.
(2014). A similar extension was introduced in [De Schutter and
van den Boom!| (2003, where TEGs with hard and soft synchro-
nization are studied. TEGsPS can express some time-variant
phenomena which cannot be expressed by standard TEGs. For
instance, partial synchronization (PS) is useful to model sys-
tems where particular events can only occur in a specific time
window. E.g., at an intersection, a vehicle can only cross when
the traffic light is green. Clearly this describes a time-variant be-
havior, since the vehicle is delayed by a time that depends on its
time of arrival at the intersection. In David-Henriet et al.| (2014},
2015, 2016), first results have been obtained for performance
evaluation and controller synthesis for TEGsPS. This includes
output reference control and model predictive control.

In this paper we investigate TEGsPS where partial synchro-
nization is periodic. We show that under this assumption the
dynamic behavior of TEGsPS can be modeled in a specific
dioid called T[v]. A specific time-variant operator is intro-
duced to take PSs into account. Similarly to transfer functions
for standard TEGs in the dioid M%* [, ¢], the transfer behavior
of TEGsPS is described by ultimately cyclic series in the dioid
T[v]. These corresponding transfer functions are useful, for
instance, for computing the output for a given input of a system,

for system composition and for control synthesis. Moreover, we
show that operations on ultimately cyclic series in 7] can be
reduced to operations between matrices in M%* [+, 6]. There-
fore many tools developed for TEGs in the dioid M%7[~, d]
can be applied to the more general class of TEGsPS.

This paper is organized as follows: Section 2 summarizes the
necessary facts on TEGsPS and dioid theory. In Section 3,
modeling of TEGsPS in the dioid 7 [7] is introduced. Section
4 discusses a decomposition method for elements in 7 [] and
provides tools to handle operations on ultimately cyclic series

in Tv].
2. TIMED EVENT GRAPHS AND DIOIDS
2.1 Timed Event Graphs

In the following, we briefly recall the necessary facts on TEGs.
For details, see Baccelli et al.| (1992)); [Heidergott et al.| (2005)).
A TEG consists of a set of places P = {p1,--- ,pn}, a set of
transitions 7' = {¢1,--- , ¢} and asetof arcs A C (P x T) U
(T x P), all with weight 1. p; is an upstream place of transition
t; (and t; is a downstream transition of place p;), if (p;,t;) €
A. Conversely, p; is a downstream place of transition ¢; (and ¢;
is an upstream transition of place p;), if (¢;,p;) € A. For TEGs,
each place p; has exactly one upstream transition and exactly
one downstream transition. Moreover, each place p; exhibits an
initial marking (My); € Ny and a holding time (¢); € Np.
A transition ¢; is said to be enabled, if the marking in every
upstream place is at least 1. When ¢; fires, the marking (M),
in every upstream place p; is reduced by 1 and the marking
(M), in every downstream place p, is increased by 1. The
holding time (¢); is the time a token must remain in place p;
before it contributes to the firing of the downstream transition of



w _P3

e

ta 5“"
p1 p2 P p2 Py D2
FHO—-0O— [O—-1-0O—- OO
t1 ta t3  t1 to ts t1 to ts
(a) standard TEG. (b) TEG with PS. (c) PS by signal S,,.

Fig. 1. (a) standard TEG. (b) PS of t3 by t,, triggered every w time units. (c)
equivalent PS expressed by a signal S.,.

p;. The set T of transitions is partitioned into input transitions,
i.e., transitions without upstream places, output transitions, i.e.,
transitions without downstream places and internal transitions,
i.e., transitions with both upstream and downstream places. We
say that a TEG is operating under the earliest functioning rule,
if all internal and output transitions are fired as soon as they are
enabled.

2.2 Timed Event Graph under Partial Synchronization

TEGsPS provide a suitable model for some time-variant dis-
crete event systems. In the following, we give a brief intro-
duction. For further information the reader is invited to consult
David-Henriet et al| (2014). Considering the TEG in Fig. la,
assuming the earliest functioning rule, incoming tokens in place
p1 are immediately transferred to place p, by the firing of
transition t5. In contrast, Fig. 1b illustrates a TEG with PS
of transition ¢o by transition ¢,. This means that {5 can only
fire if ¢, fires, but the firing of ¢, does not depend on ts.
In this example, place ps and transition t,, together with the
corresponding arcs, constitute an autonomous TEG. Under the
earliest functioning rule, the firing of transition ¢, generates
a periodic signal S,, with a period w € N. Therefore, the
PS of t5 by t, can also be described by a predefined signal
Sw: Z — {0,1}, enabling the firing of ¢o at times ¢ where
S,(t) = 1. The signal S, (t) = 1ift € {jw withj € Z}
and O otherwise.

Definition 1. A Timed Event Graph under Partial Synchroniza-
tion is a TEG where internal and output transitions are subject
to partial synchronization. <

Note that the assumption that only internal and output transi-
tions are subject to PS is not restrictive since we can always add
new input transitions and extend the set of internal transitions
by the former input transitions. In [David-Henriet et al.| (2015),
ultimately periodic signals are considered for PS transitions. It
was shown that the behavior of a Timed Event Graph under
Partial Synchronization (TEGPS) can be described by recur-
sive equations in state space form. In this work, we focus on
(immediately) periodic signals for PS of a transitions.
Definition 2. A periodic signal S : Z — {0, 1} is defined by
a string {ng,n1,--- ,nr} € Ny and a period w € N, such that
VjeZ

1

S(t) =

0=1{;
where the string {ng,n1,--- ,ns} is strictly ordered, i.e., Vi €
{1,--- ,I}, nj—1 <ngand ny < w. <
Example 1. The signal

1 ifte{--,-3,0,1,4,5,8,9,---},
0 otherwise,

ift € {ng +wyj, n1 +wy, -, nr +wj},
otherwise,

Si(t) =

is a periodic signal with a period w = 4 and a string {0, 1}.
Therefore Vj € Z,

Su(t) = {1 ift € {0+4j5,1+45},

1
0 otherwise. M

<

In the following, we only consider PS of transitions by periodic
signals as given in Definition 2. We call such a PS a periodic
PS. To consider only periodic PS allows us to define a dioid of
operators to describe the behavior of TEGsPS. In particular we
can show that the transfer behavior of a TEGPS is described by
arational power series of an ultimately cyclic form. Let us note
that focusing on periodic signals for a PS of a transition is not
overly restrictive as periodic schedules are common in many
applications.

2.3 Dioid Theory

A dioid D is an algebraic structure with two binary operations,
@ (addition) and ® (multiplication). Addition is commutative,
associative and idempotent (i.e. Va € D, a & a = a).
The neutral element for addition, denoted by ¢, is absorbing
for multiplication (i.e., Va € D, a ® ¢ = e ® a = ¢€).
Multiplication is associative, distributive over addition and has
a neutral element denoted by e. The element e (resp, ¢) is called
unit (resp. zero) element of the dioid. Both operations can be
extended to the matrix case. For matrices A, B € D"™*", C €
D"*4 and a scalar A € D, matrix addition and multiplication
are defined by

(A® B), ;= (A)i; ®(B)i,,

(A®C);; =P (A)ir®(Chy)-
k=1

The identity matrix, denoted by I, is a matrix with elements e

on the diagonal and ¢ otherwise. Note that, as in conventional

algebra, the multiplication symbol ® is often omitted. A dioid

D is said to be complete if it is closed for infinite sums and if

multiplication distributes over infinite sums. A complete dioid

is a partially ordered set, with a canonical order > defined by

a®b = a & a = b Moreover, in a complete dioid, the

Kleene star of an element a € D, denoted a*, is defined by

a* = @ie,a witha® = eand ' = a ® a'.

Theorem 1. (Baccelli et al.|(1992)). In a complete dioid D,

x = a*bis the least solution of the implicit equation x = ax®b.
N

Let C C D then (C,®,®) is a subdioid of (D, ®,®) if e and €
are in C and C is closed for @ and ®.

()\ (9 A)i,j =\ & (‘/4)1'7]'7

3. MODELING OF TEGS UNDER PS IN THE DIOID 7 [+]

To model TEGsPS, a dater function x; : Z — Zpae = {Z U
+oo} is associated to each transition ¢;. x;(k) gives the date
when the transition fires the £ time. Naturally, dater functions
are nondecreasing functions, i.e., z;(k + 1) > x;(k). The set
of dater functions is denoted by 3, and on X addition and
multiplication by a constant are defined as follows:

z,y € X, (z@y)(k) := max(z(k),y(k)),

A € Zmaz, (A®@x)(k) == A+ z(k).
The @ operation induces an order relation on 3, i.e. Vx,y €
o x Ry S xdy = y. Anoperator p @ X — X is
linear if (a) Vz,y € ¥ : p(z @ y) = p(z) @ p(y) and (b)



A® p(z) = p(A®x). An operator is additive if (a) is satisfied.
The set of additive operators on ¥ is denoted O.

Proposition 1. (Cottenceau et al.| (2014)). The set O equipped
with addition and multiplication: x € X, Vp1, p2 € O,

(01 @ p2) () := p1(x) © pa(x), (p1 @ p2) (@) = pr(p2()),

is a noncommutative complete dioid. The identity operator (unit
element) is denoted by e : Vz € X, (e(x))(k) = =z(k),
and the zero operator (zero element) is denoted by € : Vx €
%, (e(x)) (k) = —oo.
To simplify notation, we write pz instead of p(z) from now on.
Definition 3. (Basic operators in TEGsPS). Dynamic phenom-
ena arising in TEGsPS can be described by the following addi-
tive basic operators in O:

SEZ, 6 VxeX, (8°z)(k) ==x(k) +g, (2)

veZ, v :VeeXx, (VWa)k)=uqxzk-v), 3)

w, @ €N, Ay 1 V2 € X, (A7) (k) = [z(k)/m]w, 4)
where [a] is the smallest integer greater than or equal to a. <
The time- and event-shift operator § and ~y are used to model
the dynamic behavior of standard TEGs, e.g., Baccelli et al.

(1992). In addition we introduce the A, operator to consider
phenomena caused by PS.

Proposition 2. The basic operators satisfy the following rela-
tions

,yl/ ® ,_yl/' — ,_ymin(l/,l/)7 5T @ 67” — (smax(r,r/)’ (5)
,YV ® ,71/' — ,quru o7 ® 67" — 67'+‘r'7 (6)
Ay 6% = 5 © Ay )

Proof. See Baccelli et al.|(1992) for (5), (6). For the proof of
(7), recall (2) and (4),

(Aujw0@x) (k) = [f(k2ﬂ+ w-‘w = [x(k’) + 1~‘w7

w

_ [@]w +w = (8“Ayjwr) (k).

O

Remark 1. (7) implies that for —b < 7 < 0, A, 107 Ay =

A, since,

- w|b+T
(Aupd™ Apjmz) (k) = [ / 1 Ww
= [x —‘w since —1 < 7/b <0,
( w\w )( )

<

3.1 Dioid of Time Operators T

In the following, we introduce a dioid of specific time operators
in order to model the time-variant behavior of periodic PS.

Definition 4. (Dioid of T-operators 7). We denote by T the
dioid of operators obtained by addition and composition of
operators in (g, €,0°, Ay|o) with ¢ € Z, and w,w € N. The
elements of T are called T-operators (T is for time). N

For example, 63A446'Azs € T. Since a T-operator only
describes a time relation in a system, e.g. a delay, we can
associate a function Ry, : Zpmay — Zmas to a T-operator v.
This function when evaluated on ¢ is obtained by replacing x (k)
by ¢ in the expression of v(z)(k). For example, ((Ag40" &

02Agj3)a) (k) = max([(z(k) +1)/4]3,2 + [x(k)/3]3) and
therefore R, s1@s24,, (t) = max([(t+1)/4]3,2+[t/3]3).
We denote by Z the set of functions generated by all operators
in 7. Clearly, there is an isomorphism between the set of T-
operators and the set %. The order relation over the dioid T
corresponds to the order induced by the max operation on %.
Forvi,v, €T,

V1 = Vg S U DUy =1 & 01X D vgx = vz, VT € X,

& (n1z)(k) @ (vex) (k) = (v12)(k), Yo € ¥, Vk € Z,

& Ry (t) > Roy(t), Yt € Zimag- (8)

Definition 5. (Periodic T-operators). A T-operator v € 7T is
said to be periodic if its corresponding function R, is quasi-
periodic, i.e., 3w € N such that Vi € Zyaz, Ro(t +w) =w +
Ry(t). <

The set of periodic operators, denoted by 7T, is a subdioid of
T.

Proposition 3. (Canonical form of a periodic T-operator). A
periodic T-operator v € Tpe, With period w has a canonical
form given by a finite sum @le AVAVI
sum is strictly ordered such that Vi € {1,---,
T, i+1-.

i. Moreover the
I — 1}, T <

Proof. We first show that a periodic T-operator v € Tpe, With
period w can be represented as
w—1

v=P A,

=0

WO ©)

For this, we consider the operator w = @;‘:Ol w; with w; =
§Re (=D A, 6% T The function R, associated to w; is

t+1— 1
RWi(t>:Rv<_i)+ [ +i1—w+ WW
w
Therefore R,, is

Ruw(t) = max (R,(0) + Ww,

Ro(—1) + [H?Tﬂﬂw Ryl —w) [5—‘(,0), (10)

which clearly has period w. To prove that v can be represented
as (9) we have to show that Ry, (t) = R,(t). Because R, and
‘R, are quasi w-periodic functions it is sufficient to check that
Ruw(t) = Ry(t) fort = {1 —w,---,0}. Let us remark that
R, is nondecreasing and thus, - - < R,(0) —w < R,(1 —
w) < <Ry(0) < Ry(1 —w) +w < ---. We evaluate (10)
for t = 0, this leads to

[H—l—w
w

R (0) = max (R,U(O) v P_Tw]w

Rv(f]‘) + ’72 ;w—‘wa e
=max (R, (0), Ry(—1),- -
=R, (0).

Similarly we can show that for ¢ € {1 — w
R (t). For this, recall (10)
[

Rw(t) = max (R,(0) +
t+2— t

Ry(—1) + [Tw—‘w, L Ry(l—w) + [a—‘w)

Forl <j<wand1—w <t < —1 observe that,

[t—kj—w"wf —w, fort+75<0
w -~ o0, fort+ 75 >0,

,—1}, RW(t) =

V—i—l—w
w



therefore,

= RU (t)a
and v = w = @ w = @) DALt
The canonical representation is the one obtained by removing
redundant w; according to the order relation given in (8). O
Remark 2. Clearly periodic operator v € 7Tp., with period w
can be represented with a multiple period nw as follows,
nw—1
v = @ 5721,(—1‘)Anw‘nw51'—nw+1.
i=0
<
Remark 3. In particular the periodic operator A,,|,, with period
w is represented with period nw by the sum
n—1
Aw\w = @ 5_iwAnw\nw6_(n_1_i)w~
i=0
<
Example 2. The identity operator e = Aj|; with period 1
can be represented with period 3 as follows, e = A3|35*2 S
(571A3‘3671 D 572A3|3, see Flg 2. <

R(t)

R _2
o C a8
—1 —1
26 —1Ag58
-2
o Rs Ag)3

Fig. 2. Re(t) = max(Ra, ,5-2(1), Rs-1a,,5-1 (£): Rs-24,,, ().

The time-variant behavior caused by a periodic PS of a transi-
tion can be modeled in the dioid 7. For this, recall the definition
of a periodic signal S (Definition 2). We associate with a peri-
odic signal S a function Rs : Zpar — Zmaz- This function
Rs(t) is defined by, Vj € Z,

—00 ift=—00

ng + wj if (n;—w)+wj<t<ng+wj,

ni + wj if ng+wj <t<n +wy,
Rs(t) = :

ny +wj if nj_1+wj <t<ny+wj,

00 if t = o0.

(1)

Example 3. The function Rg, (t) associated to the signal S;
given in Example 1 is

—00 ift=—o00
R, (t) = 0+ 4y if —3+45 <t <0+ 4y,
! 1445 if 04+45 <t<1+44y,
00 if t = oo.

N

The value of Rg(t) can be interpreted as the next time when
the signal S enables the firing of the corresponding transition.

s
t1 to

Fig. 3. Simple TEGPS with a periodic PS of t,.

Clearly, an w-periodic signal S leads to a corresponding func-
tion Rg(t) which satisfies Vt € Zqz, Rs(t+w) = w+Rg(t).
To prove that a periodic PS of a transition (i.e. the PS is speci-
fied by a periodic signal §) admits an operator representation in
the dioid 7, we must show the existence of an operator v € T
such that R, = Rg.

Proposition 4. A periodic partial synchronization of a transi-
tion by signal S (from Definition 2) has an operator representa-
tion given by

v =0"0A 0 DM T AT D

B TN 6T, (12)

Proof. Recall that a periodic signal S corresponds to a quasi
periodic function Rg, see (11), and the isomorphism between
the function R, and the T-operator v. It remains to show that
R, = Rg. The function R, is given by

R, (t) = max (ng + V_nﬂw, ny—w-+ V _wnﬂw,
ny—w+ [;T‘ﬂw). (13)

To show equality, we evaluate R, (¢) for intervals defined in
(11). E.g., for (n; —w) + wj < t < ng + wj, observe that

t_ .
[ nﬂ:j’ i=0,--1,
w

hence
Ro(t) :max(no +jw,n] —w+ jw, - ,ng —w+jw)
=ng + jw.
Second, for (ng + wj) < t < ny + wj, we have

V—ni"_ j+1, fori=0
w |y, fori=1,---,1,

Ry (t) = max (no + jw,n1 + jw,no —w + jw, - -

hence

c,ny —w+ jw)
=n1 + jw.
By going through the remaining intervals defined in (11) we
establish
R, (t) =Rs(t), VtE€ Zmax-
O

Example 4. Consider the TEGPS shown in Fig. 3, where the
signal &7 is given in (1) (Example 1) and dater functions
x1(k) (resp. xz2(k)) is associated with transition ¢ (resp. t2).
According to Prop. 4, the behavior of the periodic PS of
transition ¢5 is modeled by the following operator:
US] - (50A4‘4671 (&) 573A4|4(570 - (573A4‘4 D A4‘4671.

This operator describes the firing relation between ¢; and
ty, ie. x3 = (072Ayq & Ayud')zy. Therefore, zo(k) =
max(—3 + [z1(k)/4]4, [(z1(k) — 1)/4]4). <
Remark 4. Due to the influence of the PS, this firing relation
between t; and ¢, is time-variant. For instance, if the k-th firing
of t; is at time instance x1 (k) = 1, then the k-th firing of o
is at z9(k) = 1, i.e., we have no delay. In contrast, if the k-th
firing of ¢; is at time instant 1 (k) = 2, then the k-th firing of
to is at xo (k) = 4, and the delay is 2. <



3.2 Dioid T[]

Since the ~y operator commutes with all T-operators, i.e. Vv €
T, vy = v, we can define the dioid 7] as follows.
Definition 6. (Dioid T[v]) We denote by T [v] the quotient
dioid in the set of formal power series in one variable -~y
with exponents in Z and coefficients in the noncommutative
complete dioid 7 induced by the equivalence relation, Vs €
T,
14
<

s=s(y')".

Note that we can interpret elements in 7 [y] as nondecreasing
functions s : Z — T, where s(v) refers to the coefficient of *.

Definition 7. Let s1,s2 € T[7], then addition and multiplica-
tion are defined by

51D 82 1= @(Sl(y) @ s2(v))7"s

VEZL
51 @ 89 1= @ ( @ (s1(n) ® SQ(n/))> Y.
vEZ \n+n'=v

<

As before, @ defines an order on 7[v],i.e., a,b € T[y] : a®
b=0>b< a = b A monomial in T[] is defined by vy,
where v € T. A polynomial is a finite sum of monomials, i.e.,
D, vir".

Definition 8. (Ultimately Cyclic Series of T[v] ): A series
s € T[~] is said to be ultimately cyclic if it can be written
as s = p @ q(y”d7)*, where v, 7 € N and p, ¢ are polynomials
in TTv]. g

3.3 Subdioids of T[]

We denote by T,..[7] the subdioid of 7 [v], obtained by
restricting the coefficients v to periodic operators, i.e. v € Tper.

An other important subdioid of 7T v] is the dioid M%* [+, 4].
This dioid is obtained by restricting the coefficients v to
the (¢,07) operators, i.e., an element in M&*[y, ] is writ-
ten as @, 674" with 7;,,n; € Z. This dioid has been ex-
tensively studied, e.g. |(Gaubert and Klimann! (1991); Baccelli
et al.| (1992). The product of two monomials v, y"2§'2 €
M, 8] is obtained by,
’7”1 5751 ® ,Y’ﬂz 5t2 — ,yn1+77/2 5t1+t2.
Moreover, we have the following order relation for monomials
A < 4"26%2 oy > ngand ty < to.

A comprehensive representation of calculations with series in
MEZ[~, 8] can be found in Baccelli et al| (1992). It is well
known that the input-output behavior of a standard TEG can be
described by a transfer function matrix composed of ultimately
cyclic series in M$*[v, 6]. Moreover, based on M%*[v, ],
methods for performance evaluation and controller synthesis
have been introduced for TEGs, e.g. |(Gaubert and Klimann
(1991)); Maia et al.| (2003)); [Hardouin et al.|(2017). In Hardouin
et al.| (2009), software tools have been made available for
computations in M%*[~, §]. The dioid MZ*[v, 0] plays a key
role in this paper. In particular in Section 4, we show that all
relevant operations on ultimately cyclic series s € Tper [7]
can be reduced to operations on matrices in M%7y, d]. We
can therefore use the existing tools for M%*[~,d] to study
TEGsPS.

Fig. 4. Example of a TEGPS.
3.4 Modeling of TEGsPS in Tper[7]

A TEGPS operating under the earliest functioning rule, admits
a state-space representation in Tpe, [v].

x = Ax ® Bu, (15)

where x (resp. u,y) refers to the vector of dater functions of
internal (resp. input, output) transitions. The matrices A €
Tper [Y]"*™, B € Tper[v]"*9 and C' € Tpe,[y]P*™ describe
the influence of transitions on each other, encoded by operators
in Tper [v]. Let us consider a path constituted by the arcs (¢;, p;)
and (p;,t,). The influence of transition ¢; on transition ¢, is
coded as an operator

y=Cz,

Uto(s((’b)i’)/(Mo)i

where v, is the operator representation of the signal S, corre-
sponding to the PS of ¢, (see Example 4), (¢); is the holding
time of place p; and (M), is the initial marking of p;.
Example 5. Consider the TEGPS in Fig. 4 with PS of transition
to by the signal

C[1 ifte {1424},
S2(t) = {O otherwise.

Asw = 2,1 = 0, ngp = 1 according to Prop. 4 vs, =
vy, = 6" Ay~ 1. For the path (t3,p2)(p2,t2), the influence
of ¢3 on transition ¢, corresponds to an operator representation
01,099% = v,y? = 6' Ay~ 142 Moreover, by assigning
a dater function w(t) (resp. x1(k),x2(k),y(k)) to transition
t1 (resp. to,t3,t4), the earliest functioning of the TEGPS is
described in state space form x = Ax @ Bu; y = Cx, where
A= [0 8 pn [PA oo g).
St € ’ € ’
<

According to Theorem 1, the least solution of the equation
r = Ax @ Buis ¢ = A" Bu. Therefore, the transfer function
matrix H of a TEGPS can be obtained by y = Hu =
C A*Bu. In order to compute this transfer function matrix,
we have to perform addition, multiplication and the Kleene star
operation of series in 7T, [7]. In the next section, we show how
these operations between series in 7,..[y] can be reduced to
operations between matrices in M%2 [, ].

4. CORE REPRESENTATION OF A SERIES IN Tpzr[7]

In this section, we propose a specific decomposition of series
in Tper[v]. We show that series s € Tpe,[7y] with period w can
always be represented as s = m,Qb,, where Q is a square
matrix in M$*[, 0] of size w x w, m,, is a row vector defined
as

my = [Aw\l 5_1Aw\1 61
and by, is a column vector defined as

bw = [A”w(sl_w Al‘wé_l Al\w

_wAw\l]

}T



It is important to note that in this form the core matrix @ is a
matrix in M%?[v, §]. We first demonstrate how to obtain this
form on a small example and then provide a formal method.

Example 6. Consider the following series in Tpe, [].

S = A2|2 EB (51A2|26_1 @ 52A2‘272(6272)*.
Because of A,z = A pApw (Remark 1) and Ao =
A0 (7) this series can be rewritten as

s = A2|1 (6 A1|2®5_1A2|1 51 A1|2(5—1
M, Mo
S>) AQH 51"}/2(61’)/2)* AHZ'
S
1

Clearly Mj, M, and S; are elements in M$Z [y, §]. We now
can rewrite s in the core representation,

_ e e@0 2 (612)*] [Aq 967"
S:\[Azll 0 IAQM, ot s( : Rilz ’

my

Q bo

which is in the required form. <

The algorithm to obtain the core form for an arbitrary ultimately
cyclic series s € Tpe,[7] is as follows. The ultimately cyclic

. I : J . .
series s = @1, v7™ @ By V)Y (T7)" € Terl] is
written such that all coefficients v; and v;- are represented with
their least common period (Remark 2), i.e.,

L K
5= (D 5" Aujudin™ & € 6% Ayt (679)",
=1 Pt
Recall that Ao, = A Ay (Remark 1) therefore,

L K

s = P 6"t A B1jud'iy™ & @D 6% Ay A8tk (6747)
=1 k=1

Note that the §“ operator commutes with A, i.€., 0“ Ay, =
Ajwd® (7). Moreover, we can always represent an ultimately
cyclic series s € T[v] such that 7 is a multiple of w, i.e., we
can extend (v”67)* such that, 7 = 7l = lem(7,w). Hence,

(,yVé‘f')* = (e @’7”(5% (A IR as) ry(l_l)”(s(l—l)f)(,ylué*l%)*,
= (e @"/V(S‘F DD 'Y(l_l)y5(l_1)7:)(’yl’/57)*.

Therefore, in the following we assume 7/w € N, thus
Ay, (877)* = (67/%4")* Ay, This leads to

L
s =@ 6" Aup 0"y Aydie

=1 M,

=

P 5 Ay 65y (877997 ) Ay, 6%,
k=1

Sk

with —w < 1,1}, &, &, < 0. In this representation M, are
monomials and Sy, are series in M%7 [, d]. Moreover, the
entries of the b,,-vector appear on the right and the entries of
the m,,-vector appear on the left of monomial M (resp. series
Sk). For a given s we denote the set of monomials by .#Z =
{My,--+, Mg} and the set of series by . = {S1,---,SKk}.
Furthermore, the subsets .#;_ ; (resp. .7; ; ) are defined as

Vi, j € {0, ,w—1},

L
Mg = My € M| 57 Ay MiAy 577 € D)6 AL MIA 871,
=1
K

S =Sk € L6 Ay SkA L0 € @ﬁmwuskauwsé%}.
k=1

The element (Q);+1,,—; of the core matrix is then obtained by
(Q)i+1w—j = @ Me @ S.
]WE.//li,j SE.YQJ'

Hence, any ultimately cyclic series s € Tpe,[7] can be ex-
pressed by s = m,Qb,. Let us note that the core Q of
a series s € Tper[y] is not unique, in other words we can
express the same series with different cores, i.e., we may have

s = myQb, = m,Qb,, with Q,Q € M%[v,5]“*“ but
Q # Q. We illustrate this in the following example.
Example 7. Recall the series s = Agp & 6'Ag007 ! @
5273(5272)*A2|2 given in Example 6. s can be expressed by
m-.Qb, where,

Q: e 6@5172(5172)*

st € '

Clearly Q- Qand Q # Q@ (see Example 6). However, Qisa
valid core of s since:

Aqp07t D Ay @ 59251 A
m2Q2b2 = my { 12 611|212§—1( K ) 12 )
recall Aq20™" @ Aqjp = Aqp(67 @ 6%) = Aqpa, (5),
- Aqp @0 (6'9%) A
1 1]2 1]2
= [A2|1 d AQ\I] |: | 61A1‘25—1 !
= Ao A ® A2\15172(5172)*A1\2 D 5_1A2\151A1|25_1
= Qg2 & 0" Agp0~ " @ 8°7%(0%97) " Aga.
N
To show how the core form can be used to perform basic
operations between ultimately cyclic series in Ty, [y] we first
elaborate some properties of the m,,-vector and b,,-vector. The
scalar product myb,, of these two vectors is the identity e,

because of Remark 3 and the fact that A, 1A, = Ay
(Remark 1),

my, ® bw :50Aw|1A1\w517w DD 517wAw|1A1\w50
=06 T @ BTV =, (16)

as discussed in Example 2. The dyadic product b, ® m,,
is a square matrix in M%*[y, ] denoted by N. For i,j €

wm

{1,--- ,w}, the entry (b,, ® my,); ; is given by,
(N)ij = (by @my); j = Ay, 00 DTO=DIA

Then, because of Ay, 07 = 6 1Ay, and Ay, 6 "A, =
Al\l =efor —w < n <0, see Remark 1,

S R

A7)

Proposition 5. For the N matrix the following relations hold
N®N=N; N®b, =b,; m,®N=m,,.



Proof.
N®N=b, ®m, ®b,
N®b, =b, ®m, ®b,
m, N =m, ® b,

®m, =b, ®e®m, =N,
=b,®e=Db,,
XM, =exRmy, = my,.

4.1 Operations between Core Matrices

To perform addition and multiplication of two ultimately cyclic
series s1 = My, Q by, s2 = My, Q;b,, € Tper[7] in
the core form, it is necessary to express the core matrices
Q, € My, 6] *“1 and Q5 € ME¥ [, §]«2*“2 with equal
dimensions. This is possible by expressing both series with
their least common period w = lem (w1, ws), see the following
proposition.

Proposition 6. A series s = m,Qb, € Tpe [y] can be
expressed with a multiple period nw by extending the core
matrix Q, ie., s = m,Qb, = m,,Q’b,., where Q' €

MEE[y, 8] ™ and is given by
A1|n517nNQNA"‘1 Al‘n(slanQNélann‘l
Q/ = : :
AI\nNQNAnH Al\nNQNdl_nAn|1
Proof. See Appendix A. O

Proposition 7. (Sum of series).
Let s = m,Qb,, s = m,Q'b, € Ty [7], the sum s &
s =m,Q"b,,where Q" =Q & Q'.

Proof. We have, m,Qb,, ® m,Q’'b, = m,(Q © Q')b,. O
Proposition 8. (Product of series).

Let s = m,Qb,, s = m,Q'b, € T,e-[7]. the product
s5®s =m,Q"b,, where Q" = QNQ’.

Proof. Recall that b, m,, = N, therefore m,Qb,m,Q’b,, =
m,QNQ’b,,. O

Proposition 9. (Kleene star of series). Let s = m,Qb, €
Tper [v]- Then, s* can be obtained by
s* =m,(QN)*b,,. (18)

Proof. Recall that b,, = Nb,, and therefore s = m,Qb,, =
my,QNb,,. In the core form, the Kleene star of a series s €
Tper[7v] can be written as

s* =edm,QNb, ® m,QNb,m,QNb, & - --
Recall that @ is a square matrix, e = myb,, (16), N = b, m,,
(17) and NN = N (Prop. 5),

s* =myb, ®m,QNb, ® m,QNQNb,, & - - -

=m,(I®QN® (QN)*®--- )b,
=m,(@N)"b

O

Due to Prop. 7, Prop. 8 and Prop. 9, it is clear that the sum,
product and Kleene star operation of ultimately cyclic series
in Tper[v] can be computed based on the core matrices Q €
MG, 8] of the series. Finally let us note that this core-
form of series s € Tpe,[7] is similar to the core-form of
series s € &£,.,.[d] see, Trunk et al|(2017). The dioid Tpe,[7]
with periodic time-operators can be seen as the counter part of
the dioid &, [6], introduced in |Cottenceau et al.| (2014)), with
periodic event-operators. The dioid &,,,.[0] is useful to obtain
transfer function matrices for Weight-Balanced Timed Event
Graphs (WBTEGS).

4.2 Transfer Functions of a TEGPS in Tper[7]

Recall the state space form of a TEGPS, x = Ax & Bu; y =
Cx, Section 3.4, (15).

Theorem 2. For a g-input p-output TEGPS with periodic PSs
(Definition 2) the transfer function matrix is given by H =
CA*B € Tpe,[v]P9. Moreover, the entries of the transfer
function matrix H are ultimately cyclic series in Tper[v]. <

Proof. A periodic PS of a transition by a periodic signal
refers to a periodic T-operator Prop. 4. As every mono-
mial/polynomial in 7., [y] is a specific ultimately cyclic series,
the entries of the A, B and C matrices are composed of ulti-
mately cyclic series in Tpe,-[v]. The sum (resp. product, Kleene
star) of ultimately cyclic series in 7., [7] are again ultimately
cyclic series in T,er[7], see Prop. 7 (resp. Prop. 8, Prop. 9).
Thus the transfer matrix C A* B is also composed of ultimately
cyclic series in Tper[7]- O

Example 8. Consider the TEGPS in Example 5 the transfer

function is obtained by
172:| * |:§1A2|26—1:|
€

where (A%)21 = (62Ag2619?)*6 . To express h as an
ultimately cyclic series we rewrite (A™)2 1 in the core-form and
compute the Kleene star with the toolbox minmaxGD Hardouin
et al. (2009). Recall Prop. 9, therefore

251 " 261 %
= (my PE i] by) 8" = my( PE ﬂ N) byd"

—my {(72;51)* v2(7251)*] bys'.

1 —
h=CA'B = [ §'] [;1 g AQIQE‘S

= 51(A*)27151A2‘2(571,

(A%)2.1

After multiplication we obtain, h = §°Ay0~(120%)* &
(52’)/2A2‘2(5_1(’}/2(52)* (&) (52A2|25_1 = (53A2‘26_1<72(52)*. For
the given TEGPS, this transfer function is useful to compute the
output y to a given input u, where y and u represent the dater
functions associated with the transitions ¢, and t4. For instance
consider the input dater function

—o0 fork < 1;

0 fork=1;

2 fork =2,3;

3 fork=4,5,6,T7;
oo fork > 8.

u(k) =

The output dater function to this input is given by

y(k) = ((6°Ag120~ 1 (v20%) )u) (k)

= ((6°Ag)26~ U)() (55A2|25 *u) (k)

@ (67 Agppd " )(k) )
:max(3+[ 1—‘2,5+{ _22) 112,
7+{u(k‘ 24) 1}27.”)'

Therefore,



—o0 fork < 1;
3 fork=1;
5 fork=2,3;
k — ) )
Y =97 fork =45
9 fork=26,T7,
oo fork > 8.
, time <
9 ® ®
8
7 ® ®
6
5 ® ®
4
3 ® O o0o0oao
9 oy e output y(k)
] o input u(k)
T2 3 45 6 7 8 0 count

Fig. 5. System response y to the input u.
5. CONCLUSION

In this paper, we introduce algebraic tools to obtain transfer
function matrices for a subclass of TEGsPS, where the partial
synchronization of transitions are characterized by periodic sig-
nals. We introduce a dioid called 7, [y] with periodic-time
operators and show that all relevant operations on ultimately
cyclic series s € Tper[7] in this dioid can be reduced to op-
erations on matrices in the subdioid M&*[v, 6]. An advantage
of this approach is that the already existing tools for standard
TEGs in the dioid M%*[v, §] can be applied to the more gen-
eral class of TEGsPS. Based on these results, many control
concepts already introduced for TEGs, such as model-reference
control Maia et al.| (2003)), observer based control Hardouin
et al.| (2017), etc. can be generalized for TEGsPS. This will be
the topic of further work.

Appendix A. PROOFS

Proof. of Prop. 6. A series s € Tpe,[y] with period w can be
written as,

s = mwaw = Myy bnwmwawmnw bnw'
—_———

A/

Q
Since, Allnw(slinw = AllnAl‘wéiw(nil)éliw
= A1|n61—nA1‘w51—w then

r Al\nél_nAl\w(sl_w T
Aqp6t A Aq,6' by,
A1|nA1|w617w A1|nbw
i ANTMYANTI }
This leads to
Al‘nél_nN
bnwmw = .

AN

Respectively b,my, = [NA,; ---
obtain

NS'~™A,]. Finally we

(A0 "N

QI = : Q [NAn\l T Nél_nAnH} )
AyuN

_A1|n51_nNQNAn|1 T A1|n51_nchN(s:l_nA7z|1

A1|nNQNAnH Al\nNQN(Sl_nAn\l

The extended core is a matrix in M§? [, 6], since Ay},07 A,y
= §l7/n1n gee Remark 1. O
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